Let pc(G) be the critical probability of the site percolation on the Cayley graph of group G. In 2] of Benjamini and Schramm conjectured thatpc < 1, given the group is in nite and not a nite extension of Z. The conjecture was proved earlier for groups of polynomial and exponential growth and remains open for groups of intermediate growth.
Introduction
While percolation on Z d has been studied for decades, percolation on general Cayley graphs became popular only in the past several years. This direction of research was outlined in an important paper 2] of Benjamini and Schramm.
The authors conjectured that the critical probability p c for the site percolation satis es p c < 1
given the group is in nite and not a nite extension of Z.
Since appearance of 2], a number of interesting results has been obtained. The above conjecture has been established for groups of polynomial or exponential growth, as well as for nitely presented groups (see 1, 16, 3] ). In this note we prove the conjecture for a class of so called Grigorchuk groups, which are de ned as groups of Lebesgue{measure{preserving transformations on the unit interval. They are the only known examples of groups of intermediate growth 1 .
Let G be an in nite group generated by a nite set S, S = S ?1 , and let ? = ?(G; S) be the corresponding Cayley graph. Consider Bernoulli site percolation in which all vertices are independently open with probability p (closed with probability 1 ? p). By (p) denote the probability P(id $ 1), i.e. the probability that the open cluster containing id is in nite. De ne the critical probability p c (G) = supfp : (p) = 0g It is known that p c (G) > 1=jSj, p c (Z 2 ) = 1=2, and that p c (G 1 ) p c (G 2 ) if G 2 is a subgroup or a quotient group of G 1 . We refer to 10, 11] for a thorough treatment of classical percolation, and to 2, 3] for the many interesting questions and results for percolation on Cayley graphs.
Conjecture (Benjamini and Schramm) If ? is the Cayley graph of an in nite ( nitely generated) group G, which is not a nite extension of Z, then p c < 1.
The conjecture is one of the central unsolved questions of the percolation theory on Cayley graphs. While it was established for groups of exponential and polynomial growth (see 3, 16] ), the conjecture remains open for groups of intermediate growth. The conjecture has been also con rmed for nitely presented groups (see 1]).
Let us remark here that the analogous conjecture for bond percolation is equivalent to Conjecture (see e.g. 10, 11] ). Recently H aggstr om also showed equivalence of the conjecture with having a phase transition for Ising and Widom{Rowlinson models (see 12]).
Let ! = (! 1 ; ! 2 ; : : : ) be an in nite sequence of elements in the set f0; 1; 2g. Grigorchuk group G ! is a in nite pro nite 2-group whose construction depends on ! (see 6, 9] ). Groups G ! are generated by 4 involutions, while the structure and even the growth is di erent for di erent !. We postpone de nition of G ! till next section. Theorem 1. The conjecture holds for Grigorchuk groups G ! for all !.
The proof relies on growth considerations and a fractal structure of Grigorchuk groups. Essentially, we nd Z 2 + in the corresponding Cayley graphs.
Before we de ne the G ! and prove the theorem, let us comment on the growth of groups and it's relevance to percolation problems. Let us conclude by saying that in a sequel paper 7] Grigorchuk introduced a wider class of groups which correspond to sequences of 0; 1; : : :; p, where p is a prime. While we do not consider these groups, it is not hard to see that our analysis can be directly translated to this case.
Growth of groups and percolation
Let G be an in nite group generated by a nite set S, S = S ?1 , and let ? = ?(G; S) be the corresponding Cayley graph. Let B(n) be the set of elements g 2 G at a distance n from id in graph ?. The growth function of G with respect to the set of generators S is de ned as (n) = jB(n)j.
We say that a function f : N ! R is dominated by a function g : N ! R, denoted by f 4 g, if there is a constant C > 0 such that f(n) g(C n) for all n 2 N. Two functions f; g : N ! R are called equivalent, denoted by f s g, if f 4 g and g 4 f. It is known that for any two nite sets of generators S 1 , S 2 of a group G, the corresponding two growth functions are equivalent (see e.g. 14, 21]). Note also that if jSj = k, then (n) k n .
Growth Let us return to percolation on Cayley graphs. Let us rst note that if the critical percolation p c is strictly less than 1 for any generating set, the same is true for all generating sets. While we could not nd this precise result in the literature, we believe it to be known and refer to 18] for similar coupling arguments. Now recall that when the growth of G is polynomial, G is almost nilpotent.
We have the following result. As a corollary we obtain the p c (G) < 1 for almost solvable and linear group, which are not almost Z, as well as for Burnside group B(n; p), where p > 661 (see 14, 21] ). Let us also mention here a di erent result of Grigorchuk that if (n) 4 e p n , and G is residually nite p-group, then G has polynomial growth (see 8]). This con rms Conjecture 1 for such groups as well.
A few words about group presentation. First, it is known that when ! is non{stabilizing, the Grigorchuk group G ! is not nitely presented (see 6, 19] ). Thus Theorem 1 does not follow from results in 1] for nitely presented groups. Moreover, it was conjectured by Adian that all nitely presented groups must have either polynomial or exponential growth (see 9]). Further, it was conjectured by Grigorchuk that all nitely presented groups must either contain 
Grigorchuk Group
In this section we will describe a construction of Grigorchuk's 2-group. It is easy to see that H ! is a normal subgroup of index 2, which is generated by 6 elements b ! ; c ! ; d ! ; ab ! a; ac ! a; ad ! a.
We will omit superscript ! in ! 0;1 when it is clear on which H ! the map ! i acts. The following . Therefore (G) = (ha; c ! i). We will prove below that the subgroup ha; c ! i has a nite order. This immediately implies that the quotient group has a nite order. Thus D ! has a nite index which proves the Lemma.
We claim that the element ac ! 2 G ! has a nite order. This immediately implies that the order of subgroup ha; c ! i G is nite.
The proof by induction on k any for any sequence , such that k = 1. For k = 1, from the By results in section 3, we need to consider only the case when ! is non-constant. We will prove that p c (G ! ) < 1. The proof of this claim follows from the results in the previous section.
Indeed, consider a percolation on D = D ! . We claim that p c (D) < 1. Recall from the previous section that D ' F 1 F 2 and both F 1 and F 2 are in nite.
We need the following simple result. 
